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ABSTRACT

Tims has been studied by logicians for a long time and
recently it has been modelled in more and more researches in
Al. There exists a gap between the logics built by temporal
logicians and those used in Al. This paper aims at filing
this gap and providing a formal study on temporal logics for
Al. In this paper, we present a new axiomatization of Allen
& Hayes'temporal logic and locate their logic in the spectrum
of logics built by temporal logicians. We also relate point-,
event- and interval-based time structures to one another.

| Introduction

Temporal logic has been studied by temporal logicians
for a long time. The classical approach to temporal logic
takes instants and relation of temporal precedence as
primitive. Recently, interest has been shown in event-
based temporal logics (e.g. [18][12][8][9])-

On the other hand, temporal reasoning is becoming more
and more important in Al. It is difficult to reason with
time but not to talk about the time structures that we are
using. Two of the best known models of time are Allen
A Hayes' [4] and McDermott's [10]. Allen A Hayes' logic
is based on intervals (we shall argue that they are
"events”) and McDermott's logic is based on points. Both
of them have been demonstrated to be useful for Al (e.g.
[11[3][O][I11[6]). This gives us motivation to link them
to formal temporal logics.

Eventbased logic arises because of the intuition that
mental experience is based on events rather than instances
— even the shortest event (like switching the light from
on to off) has duration. In this paper, we start with
Allen A Hayes' logic, which we shall refer to as A).
because it takes intervals (events) as primitives. Then we
shall present a new time structure. which we shall refer
to as E' which is equivalent to A. and relate it with
interval-based and point-based structures.

By giving Allen A Hayes' logic a new axiomatization.
we hope to have better understanding and control of our
systems which are built on it. We are not satisfied with
Allen A Hayes' axiomatization because their axioms are not
primitive enough for extensions. For example one might
want to remove linearity in order to talk about disjunctive
sets of intervals — for applications like planning under
uncertainty (which includes the issue of branching time in
[10]. see [15]). But it is difficult to see which axiom in
Allen & Hayes' axiom set entails linearity. Limited by
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space, most of the proofs are omitted from this paper.
They can be found in [15].

Il Allen A Hayes' logic, A

In this section, we shall summarize Allen's Temporal
Logic. This summary is based on the logic presented in
Allen and Hayes' paper [4].

In [I][2] Allen presents a logic in which there are 13
possible primitive relations between any two intervals.
These temporal relatons are before(<), meet(m).
overlap(o). start(s). during(d). finish(f) equal(=) and their
inverse (see [I][2] for their detail definition). In [4]. Allen
and Hayes show that all the other 12 relations can be
defined in terms of Meet, and provide an axiomatization of
Meet. Intuitively, interval A meets interval B means B
starts immediately after A ends — A and B have no
common subintervals and there is no gap between them.
We shall call their interval structure A:

A - < E. Meet >

where E is a nonempty set of intervals and Meet is an
operator which takes two intervals (of E) as its
arguments. There are five axioms which describe the
structure A :

(M) (V ij) (3 k) (i Meet k A j Meet k) ->

(V 1) (i Meet 1~ <-> | Meet 1))
(M2) (V ij) (3 k) (k Meet i A k Meet j) ->

(V 1) (1 Meeti <-> 1 Meet j))
(M3) (V ijkl) (i Meetj A k Meet 1) ->

(1) (i Meet 1) XOR
2) B3 m) (i Meetm A m Meet 1): XOR
(3) (3 n)(k Meetn A n Meetj)

(M4) (V i) (3. k) (j Meet i A i Meet k)
(M5) (V ij) (i Meet j ->

(3 (i+])) (3 ab) (a Mest i A
j

i Meet j A
Meet b A a Meet (i+j)) A

(i+]) Meet b))

Axioms (MI) and (M2) state that every interval has a
unique start and end point. The meaning of (M3) is a
little bit vague. It defines all the possible relations
between any two meeting places. (M4) makes every
interval have at least one neighbouring interval preceding
it. and another succeeding it. Interval i+j in (M5) is only
defined if i Meets j. i+j is the interval which conuins
exactly both intervals i and j. (M5) is an axiom on E.
which states that for any two neighbouring intervals. one
can find an interval in E which contains both of them.
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This interval will also share the starting point of the first
interval, and the ending point of the second interval.

To satisfy our intuition of time, we want to prove the
following two lemmas under A:

(¥ eX~ e Meet &)
(¥ ele2)el Meet 62 —>
~ (3 eMel Meet ¢ & © Meet e2))

Lemma (i)
Lemma (ii)

Lemma (i) states that Meet is irreflexive. which satisfies
our intuition that no interval can meet itself. Lemma (ii)
states that if el Meet e2. then there is no interval
between el and e2. (This satisfies our intuition of Meet).
Proof of these lemmas can be found in [15].

i E*, an event structure

An interval can be seen as a "chunk of time".
Interval-based logic takes intervals as primitive temporal
items. In eventbased logic, events are taken as primitive.
Intuitively, more than one event can occur in one interval.
But if two intervals start and end at the same time, they
are the same interval. Based on this, we argue that A is
more an eventbased logic rather than an interval-based
one. (Formal analysis of the distinction between interval
and event structures will be postponed after our discussion
on points, when we have a better understanding of our
logic). This can be seen by the fact that A allows the
situation in figure 1:

Interval P
Interval Q
Interval R
Interval S

Figure 1 — A possible situation in A
In figure 1 both intervals Q and R are met by P and

meet S. But A does not insist Q and R be the same
element in its domain E.

In this section, we shall present an eventbased logic
which is equivalent to A. Since events occupy time
intervals, properties of intervals and events are very alike.
Therefore, most of the results in this section applies to
both intervals and events. Let us start with the event
structure E. which is used in [18]. [12]. [8]. [9] and [16].
and see what extra characteristics E must have (if any)
to make it equivalent to A. E is defined as:

E-<E < 0>
whereEisnnonemptyutofevents.(andObeing

bmmryoparawrlonEselements. < :sﬁreeed.mg and O
ix "overlapping”. Consider the axioms in :

(E1) el < €2 —> =82 < el IRREF (<)
(E2) el < 2 & 62 < €3 —~> el < €2 TRANS (<)
(B3) el Qe2 —> &2 0 el SYM ()
(E4) e10Oel REFL (0)
(B5) el < e2 —> ~el e SEP

(B6) 21 € 2 & e2 QO el & o) < od —> ¢l < ¢4
(E7) el <2 Vel 02 Ve <el LIN

reflexive. (ES) mates that if el < e2 then they are
separate events. (ES) relates < and O,  (E7) states
linearity of time. Properties of E have been thoroughly
studied in [18]12)319).

Witbin E. we can define Mest:
X Meet y <=>, 3<y & - A 2Xz<z & z<y)

We_now set out to find the extension of L, which we
call EB* which is equivalent to A little reflection
should convince the reader that (E1) to (E7) do not allow
us to derive (M4) in A, which states that there are no
first and last events, and every event has neighbouring
events on both sides of it. To obtain (M4) we need two
additional axioms:

(E8) (Vv &) (A e) (e'<e & ~ (A x)c'<x & x<e))
(B9) (V e} T e) (e<e & =~ QA xXe<z & x<e'))

(E8) gtates that there is no first event. and (B9) sates
that there is no last event in E. In addition. they state
that for each event, there are two events adjacent to it.
one on each gide.

To belp us in our discussion that follows, we ghall
define the notion of subevents and equvalance here. We
define x in y, "x is a subevent of ¥y, as

ity Cemu> (V edeDx —> e Oy

def

As one might expect. in is reflexive and transitive (see
preof in [15]). Following our definition of in, we have:
Lemma (1) Y xy) ziny —> 07y}
which states that if x is a subevent of y. then x overlaps
y. (This can be proved trivially: by definition, any z
gsuch that 2 O x ig also such that z O y. x O 1, and
therefore x O y.)

We define eguivalance (=) a5 follows:

el = el S def
where ¢l and &2 are elements in E. In an event logic, el
is equivalent to e2 means intuitively that they “occupy the
same time". In an interval structure, that means they are
the same clement in the domain of the structure. This
will be elaborated later.

(elin e2 & €2 in el})

In order to obtain (M1) and (M2) in A, we need 1o be
able to talk about Imtersection of events [15 Let us
follow Allen and Hayes' notation by using e = x| fur [
is the intersection of x and y". We can define in

e=xly <em> 20y & einx & einy &
@ zin'x & ziny > zine)

If x Oy ix falge, then xly is undefined. Intuitively, the
intersaction of two eventz is defined as the longest (in
terms of its duration) event which takes place inside both
of them. We find that Allen & Haye' model of time hax
the following underlying feature:
(E10) (¥ xy€E)x O y —> xly€E) INTERSECTION
(E10) is an axiom in E. It states that whenever I and ¥
are in E, then if x O y their intersection is in E. After
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introduction of (E10). we can derive (E6) from (E2). (E5).
(E7) and (E10). and therefore (E6) can be discarded [15].

To obtain (M3) and (M5). we need to be able to talk
about both intersection and union. We define "e is the
union of x and y" (e - xUy) as follow [note 1]:

xine& yine & (V 2Xz<z & 2<y —> z<e)
& (¥ z2)z<z & y<z —> e<2)

o = xUy

Allen & Hayes' logic implies that given any two
intervals, their union always exists. The additional axiom
that we need for obtaining (M3) is:
(E11) (¥ zy € EXaUy € E) UNION
which is again a restriction on E. From the definition of
Union, we¢ can prove:

Lamma (2)
(¥ xyXV 2) <xUy —> z<z & z<y)
(¥ ayd¥ 2(@aUy >2 —> x>z &y > 1)

lemmu (2) states that if event z ig before (after) the
union of events x and y, then z is before (after) both x
and y. We can prove the following results in :

Lemma (3)
(Y 2yXzx Oy —> (¥ 2X(z<x V z<y) <—> z<aly}))
¥ zyXx 0y —> (¥ zX(x<z V y<z) <=> xly<z)))

which states that if x overlaps y, then any event z which
is before (after) x or ¥ must be before (afver) this
intersection.

Lemma (4)
(¥ £XO KXi < x & k <€ ) —>
@ 1Xi Meet 1 & 1 Meet j))

where Meet is defined az above. Lemma (4) states that if
there exists an event which is between i and ], where
i < |, then there exista an event which meets j and is
met by i. We can further prove lemma (5), which
sutisfies our intuition that if eventa el and e2 both matisfy
the definition of xUy, then they are equivalent.
Lemma (3) eluxlly & e2=xUy —> ¢l W o2

With the bhelp of these lemmss, we can prove the
following theorem:

Theorem I
M1) to (MS A can be derived from axioma (ED)
to (E1D) in .

On the other hand, we can define < and O in A u
follows:
el < o2 <—>welhlmclv
(3 eXel Meet ¢ & ¢ Meet €2)

o1 0 &2 Cmm>, -~ (el<e2) & - (e2<el)

Under these definitions. we can prove Theorem II:
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Theorem |lI
(E1) to (Ell) of E* can be derived from axioms
(MI) to (M5) in A.

The proof of these lemmas and theorems are quite
lengthy and therefore will not be presented here (see [15]).

v T, the equivalent Point Structure

As pointed out in [16]. any attempt to model time with
an interval-based model must show how the concept of
points can be formulated. Similarly, we must show how
the concept of intervals can be constructed in a point-
based model. Therefore it is not only interesting, but
important, to see how a point structure can be constructed
from (and used to construct) the event structure E*. In
this section, we shall explore what such a point-based
structure should look like.

We shall follow Kamp [9] and Turner [16] and define a
point i as the maximal set of overlapping events which
satisfies the following properties:

1. forallel and €2 ini. el O €2
2. for all el in the set E - i. there exists ¢c2 in i such
that - el O e2

Now we can define:
Te<T & >

as a point structure where T is a nonempty set of points
(which are primitives in this time structure) and 4 is a
binary operator (precedence) on T's elements. In order to
match E*. T should have the following axioms:

P1) t1 € 11 (REF)

(F2) NS 2a&2€3 —> 11 & 13 (TRANS)

(P3) i1 €12 &2 811 —> t1=12 (ASYM)

(P4) 11 €2V K (LIN)

(P5) (¥ t1) (3 12) (12 < 1) (SUCC)
(¥ t1) G ¢2) (a1 < 2}

where t1 < t2 is defined as t1 € t2 & ~ 12 € 11. In
T. we can define (p.q) ss an interval, which iz & convex
pet of points bounded by the pair of peints p and q :
(pq) <—>af{t€Tlp<t&t<ql

Under thix definition. (p.q) bes open beging and closed
ends. (One can also defing intervals in 1 which have
closed begins and open ends). Since {p.q) is a convex set,
we have :

(v L L) € (pq)) —>»

WEKkETD((&K k&K € —=> X in (pg))

Ve can now define sn interval structure in 1:
INT(T) » <1 <. 0>

where I = [(pq) |l pET& q €T &p<qgl. In
INT(T). < and O are definad as follows:

(p192) < (q1.q2) <=>,, p2 € q1

(p1.p2) O (ql.g2) <==> - g2 € pl & ~p2 & ql

duf

defin INT(T) in this way. we can ve that
m'?'(yT) hu’n’lll the properties of H};IT(E*) [lﬂ?NWe can



also prove that the point structure defined by E* (which
we shall call POINT(E*)) has all the properties of T.
The proof of strict linear order of a point structure
constructed from E has been given by [8][9] (and
abstracted in [16]). The only unproved property is (P5).
which follows (E8) and (E9) of E* ftrivially.

When points are taken as primitive temporal items, one
question that we often ask is whether time is Discrete or
Dense. Intuitively, a point structure has dense property if
given any two points. there exists a third point which lies
between them. If a point-structure is discrete, we can
name the neighbours of any given point (when they exist).
When intervals are taken as primitives, the choice between
discrete and dense disappears. It is replaced by the choice
between Atomicity or Endless Descent [5]. An atomic
interval is defined as an interval which cannot be
decomposed. E* has the property of atomicity if we add
the following axiom to it:

(B12) (¥ XA y)y imx & (¥ 2)ziny —> z = y))

An interval structure has the property of Endess
Descent if every interval has at least one subinterval
which is not the same as itself. E* has Endless Descent
if we add the following axiom to it:

(B12) (¥ 1)@ yXy inx & ~ 1 = y))

In our definition of intervals (using (p.q)). atomic
intervals exist in INT(T) only if T is discrete — when q
is the point that is following p. (p.q) is an atomic interval.
If T is dense, there are infinite number of points between
any two distinct points p and q. Therefore any interval

(p-q) can be decomposed.

It must be pointed out that it is also possible to define
for a dense point structure an interval structure which has
the atomicity property. This can be done by defining
intervals as "any convex set of points" instead of our
definition above. Then for any point g. {q) is an atomic
interval. Notice that {q} cannot be represented by any
(p.q) in a dense time model under our definition.

In [4]. Allen and Hayes suggest different ways to
capture the concept of "points” in their interval-based logic.
To capture the concept of points in discrete point-based
models, they defne MOMENTs in terms of atomic
intervals. To satisfy dense (which they call continuous)
point-based models, they define NESTs. which have the
form BEGIN(l) or END(I) for some interval |. Basically.
if 1. J are intervals where | Meets J. then BEGIN(J) is the
set of all intervals X such that

(1) X Meets J; or

(2) | Meets X: or

3) XO1&XO0J
(where O is defined in terms of Meet as shown in [4]).
Allen & Hayes argue that under this definition. NESTs
have the desired feature of having END(l) - BEGIN(J) for
all intervals | and J such that | Meets J. NESTs also
have the feature of strict linear ordering. In fact it has all
the properties of T.

V  Relation between Event and Interval Structures

Intuitively, intervals are "chunks of time" in which
events can occur. If intervals A and B start and end at

the same time, they are the same interval. On the other
hand, if events X and Y start and end at the same time.
they need not be the same event. From E* we can
define an interval structure

INT(E®) =« < L Meet >

by making | the set (with unique elements) of all
equivalent events:

[e] = daf fet e = &)

where ¢, ¢ are events in E. In INT(E®), we can define:

fe1] < [e2] <> AzxeleddIy e [2Da < y)
[e11 O [2] <=>, (@ x € [e1X3 y € [2]Xx O y)

Meet can be defined in terms of < and O as discussed
above.

As we have said before, all the axioms in E apply to
intervals. For example < is irreflexive, asymmetric and
transitive, intersections and unions exist, etc. The only
difference between an interval structure and an event
structure lies in the definiton of "-". We define el - e2
in E* if el and e2 are the same element of E. Similarly
il -i2 in INT(E*) if i1 and i2 are the same element of
I

In the event structure E¥. el-e2 implies else2, but
not the converse. If we define equivalence in INT(E*) as:

lei] = [e2] <em>
(ixE[elD(Bfe[eZ])(xiny&.yinx)

then we shall have :
[e1) = [e2) <—> [e1] = [e2]
which satisfies our mbove mentioned intuition (see proof in

[15D.

In an interval structure, there exists a unique interval
which satisfies the definition of xuUy for all intervals x
and y. This can be seen by comparing lemma (5) and the
definition of equivalence above. This result also satisfies
our intuition.

INT(T) is an interval structure if we define that the
elements in its domain are unique. If we consider figure 1
above, we can see why we argue that A is an event
ﬁtructure more than an interval structure. In figure 1. we

ave

P Meet Q & P Meet R & Q Meet S & R Meet S
But A does not insist that Q and R be the same
"interval" (Allen & Hayes do not explicitly talk about the
domain of their structure).

However, it is arguable that Allen & Koomen [I] use an
interval-based logic for planning. There if proposition P
holds in both intervals Tl and T2. then if TlI and T2 are
not before or after one another, they must be the same
interval.

VI Intervals TS Points in Temporal Reasoning
Whether points, events or intervals are primitive time
entities is an ontological question. But since, as we have

shown above, that they can be constructed from one
another, point-based, eventbased and interval-baaed
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structures should be able to represent similar knowledge.

We do not agree with the argument that interval-based
logics are better than point-based logics because the
"dividing instant' puzzle exists in the latter. One instance
of this puzzle is:

The light is switched from on to off. Exactly
what happened at the intermediate instant between
the two successive states of on and off?

Some argue that in a dense point structure, we either
have the light both on and off (which is contradictory) or
the existence of some time where the light is neither on
nor off (which violates the Law of Excluded Middle) (e.g.
[7]). In an interval structure, there is no such problem
because all we need to say is: interval ON meets interval
OFF. where the light is on in ON and it is off in OFF.
Van Benthem has made it clear that "one only has this
problem if one insists on having it!" [5] (p.5): In a
discrete time model, there is a last point of ON and a
first point of OFF. In a dense time model, we can
stipulate that "individual event either stops at some definite
point, or its aftermath begins at some definite point". The
structure T that we have shown above has open begins
and closed ends.

Though point-based and eventbased logic can both be
used to represent similar knowledge, we argue that Allen's
formalism in [I][2] provides an effective way to handle
disjunctive temporal relations with his logic. For example
"X finishes Y or X starts Y" (where finishes and starts are
defined according to Allen's logic [I]) can be represented
by X [fs] Y. If we represent this expression by using
start and end points of X and Y. then we have:

(start(Y)<start(X) and end(X) - end(Y))

or (start(X) - start(Y) and end(X) < end(Y))

The more disjunctive primitive binary relations are allowed
between two events, the more cumbersome this point-based
representation would be. As the number of events grows,
the number of conjunctive combinations will grow
exponentially. For example to represent:
XoflY & Y[mo] Z

in Allen's logic (which means X overlaps or finishes Y and
Y meets or overlaps Z) with relation among start and end
points, we need to represent each element of the cartesian
set:

XY & Y[mZ
XY & Y[o]Z
XY & Y[mz
XY & Yoz

with inequalities.

However, we argue that point-based representation can
be used to reason certain disjunctive temporal relations
without needing to use disjunctive inequalities. (Similar
view has been expressed in [17]). The exhaustive set of
temporal relations between points is [< - >]. Each of
these relations between two start/end points represent a
subset of temporal relations in Allen's interval-based
representation. They are summarized in Table 1.

From table 1. we can se that a pointbased
representation can represent limited subsets of temporal
relations between intervals. The subsets that they can
represent are the sets (represented by lists) on the second
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Table 1 Temporal relations between start/end points
and their corresponding subset of temporal relations

Polnt~bowed Interval—bonsd
representetlien reprassntation

s(A) < a(®) Al<moti gi] 0

afa) = o(B) Ao ~ai]®

s(A} > u(D) Afdr al ni >] 0

alA) < o(B) Afcmo fl di a = ul 4 1 of) B
s(AY = a(B) Afmi]ln

s(A)} > o(B) A f>]1 0

o(A) < a(®) A <] B

o(A) = o(B) Aln] @

ofA) > o(B) Ale fi dl »n w ol d f o1 ni >»] @
e(A) < o(B) Afcme s o] B

e(A) = o(B) A[ti=t]B

a{A) > o(B) A [df sl ol @1 »] B

note: #(X), e{X) are start/end points of X

column of table 1. or their conjunctives. For example
start(A) < start(B) & start(B) < end(A)

represents the subset of relations A [o fi di] B. This
expressive power may be sufficient in applications where
we are only informed of the relation between start and
end points rather than more complicated temporal relations
among intervals. But in a point-based representation, we
cannot represent arbitrary relatons like A [< >] B
without using disjunctive inequalities. Therefore it would
not be very favourable if we are often told constraints
like "A and B must be separate intervals".

Ml Summary and Discussion

Recently, interest in modeling time in Al has increased,
and so as interest in eventbased logics. In this paper, we
have studied Allen & Hayes' logic, which has received
great attention in Al. and locate it in the spectrum of the
logics developed by logicians. By giving a new set of
axioms to Allen & Hayes' logic (which we call A), we
hope to have a better control of the systems built up it.
In [15]. we present one interesting development, which is
to remove linearity ((E7) in E*) in order to talk about
planning under uncertainty.

We have presented an event-based structure which
is equivalent to A. We have also defined a point-based
structure T which comesponds to E*. We have shown
how point-, event- and interval-based structures can be
related to one another. Figure 2 below summarizes the
relationship among the different time structures mentioned
in this paper. We conclude that these structures can all
represent similar  knowledge, and their fundamental
difference is a question of ontology. But as a tool for Al.
we argue that Allen's formalism in [l12] allows us to
represent disjunctive temporal relations more neatly.
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Figure 2 — Relationship between different time structures
mentionad In this paper

In this paper, we have not discussed the trade off
between expressive power and complexity of the different
representations. One such discussion can be found in [17].
Also, we have not suggested how such time structures can
be used for Al applications (Shoham's work fills part of
this gap [13][14]). This paper only aims at providing a
solid study of different time structures for temporal
reasoning. Limited by space and our focus in this paper.
we have not studied McDermott's time logic [10]. which
also has an important place in Al.

Inote 1]

[]An alternative wey of defining xUy can be found in
55

em xly Cmmi 1ine & yine &
(Vd«)(xinu&.yinu —> einw

However, thig definition will allow the domain E to have
just 4 intervals which have the following relation:

o = xity

x y 3

If Union is defined in this way. our (EIl) will not be
strong enough for proving (M3) of A.
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