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Jxlghg Orfdo Vhdufk +JOV, lv d phwd0khxulvwlf phwkrg iru frpelqdwruldo rswlplvdwlrq ^46`^49`^48`^<`1 Lqvsluhg e| ydu0

lrxv lghdv lq Rshudwlrqv Uhvhdufk/ JOV zdv jhqhudolvhg iurp JHqhulf QHxudo qhWzrun +JHQHW,/ zklfk zdv sursrvhg
e| Wvdqj dqg Zdqj lq 4<<4 ^4`^5` dqg vljql�fdqwo| h{whqghg e| Gdyhqsruw ^6`^7`/ iru vroylqj frqvwudlqw vdwlvidfwlrq
sureohpv +FVSv, ^8`^9`1 Lq JHQHW/ d orfdo vhdufk surfhgxuh lv xvhg wr h{soruh wkh vhdufk vsdfh1 Zkhq wkh orfdo vhdufk
ehfrphv wudsshg lq d orfdo rswlpxp/ wkh frvw ixqfwlrq lv prgl�hg wr khos wkh orfdo vhdufk surfhgxuh hvfdsh1 JOV
h{whqgv JHQHW e| xvlqj sureohp0vshfl�f ihdwxuhv wr jxlgh wkh vhdufk rxw ri d orfdo rswlpxp1
JOV dqg lwv yduldqwv kdyh ehhq dssolhg zlwk juhdw vxffhvv wr d qxpehu ri frpelqdwruldo rswlplvdwlrq sureohpv/

lqfoxglqj wkh udglr olqn iuhtxhqf| dvvljqphqw sureohp +UOIDS, ^57`^4;`/ Eulwlvk Whohfrp*v zrun irufh vfkhgxolqj sureohp
+ZIV, ^54`^43`/ wkh wudyhoolqj vdohvpdq sureohp +WVS, ^44`/ ixqfwlrq rswlplvdwlrq ^55`/ surfhvvru frq�jxudwlrq ^4:`/ wkh
vdwlv�delolw| +VDW, dqg PD[0VDW sureohpv ^4<`/ udlo wud�f frqwuro ^5:`/ orjlf surjudpplqj ^5;`^5<` dqg yhklfoh urxwlqj
^56`^59`1 JOV kdv ehhq lqfrusrudwhg lqwr LORJ Glvsdwfkhu/ d frpphufldo sdfndjh iru yhklfoh urxwlqj sureohpv ^56`1
Zlwk vxffhvv lq wkhvh dssolfdwlrqv/ JOV dqg lwv yduldqwv duh dojrulwkpv wkdw frpelqdwruldo rswlplvdwlrq uhvhdufkhuv
fdqqrw d�rug wr ljqruh1
Jlyhq wkhlu h{shulphqwdo vxffhvv/ wkh lvvxh ri wkhruhwlfdo dqdo|vlv ri JHQHW dqg JOV kdv uhfhlyhg vrph dwwhqwlrq/

h1j1 vhh ^58`/ zklfk fdvw JHQHW dv d Odjudqjldq phwkrg1 Wkh suhvhqw sdshu dwwhpswv wr surylgh d urexvw irxqgdwlrq
iru JHQHW dqg JOV1 Zlwk frqvwudlqw vdwlvidfwlrq sureohpv/ joredo vroxwlrqv fdq eh uhfrjqlvhg +zkhq qr frqvwudlqw
lv ylrodwhg, rqfh irxqg1 Exw lq jhqhudo/ phwd0khxulvwlf phwkrgv fdqqrw suryh xqvdwlv�delolw| lq frqvwudlqw vdwlvidfwlrq
sureohpv/ ru uhfrjqlvh joredo rswlpdo vroxwlrqv lq rswlplvdwlrq sureohpv1 Lq wklv sdshu/ zh pdnh rxu �uvw dwwhpsw dw
vwxg|lqj wkh vhdufk phfkdqlvp ri JHQHW dqg JOV1 Zh suryh wkdw JHQHW fdq hvfdsh iurp d orfdo rswlpxp xqghu
fhuwdlq frqglwlrqv1 Wklv suholplqdu| uhvxow vkrxog sdyh wkh zd| iru ixuwkhu vwxg| ri wkh zrunlqj phfkdqlvp ri JOV1

YY� �NAt|iB�A| 7B|�tuBW|�NA �iNO,j6t
Frqvwudlqw vdwlvidfwlrq lv d jhqhudo sureohp wkdw dsshduv lq pdq| dssolfdwlrqv ^8`^9`1 Uhvhdufk lq frqvwudlqw surjudp0

plqj kdv ehhq dfwlyh gxulqj wkh odvw wzr ghfdghv1 Frpphufldo surgxfwv vxfk dv LORJ ^63`^64` dqg HFOlSVh ^65` kdyh
ehhq xvhg lq pdq| frpphufldo dssolfdwlrqv/ lqfoxglqj vfkhgxolqj zrun iru Eulwlvk Dluzd|v/ Iuhqfk dqg Eulwlvk Udlo/ wkh
Sruw ri Vlqjdsruh/ Uhqdxow fdu pdqxidfwxulqj/ hwf1
Lq wklv sdshu/ zh gh�qh d frqvwudlqw vdwlvidfwlrq sureohp +FVS, dv d wulsoh +]>G>F,/ zkhuhU ] @ i� � > � V > � � � > � W j lv d �qlwh vhw ri yduldeohv/U G @ i4> 5> � � � >pj lv d �qlwh vhw ri ydoxhv/U F lv d vhw ri frqvwudlqwv1 Hdfk frqvwudlqw uhvwulfwv fhuwdlq vlpxowdqhrxv ydoxh dvvljqphqwv wr d vxevhw ri wkh yduldeohv1
Iru frqyhqlhqfh lq wkh dqdo|vlv +pdlqo| wr uhgxfh qhfhvvdu| frpsoh{lw| lq lqgh{lqj,/ zh dvvxph/ zlwkrxw orvv ri

jhqhudolw|/ wkdw doo ydoxhv duh dydlodeoh wr doo yduldeohv khuh1 D odeho/ ghqrwhg e| +�> y, khuh/ lv d yduldeoh0ydoxh sdlu
zklfk uhsuhvhqwv wkh dvvljqphqw ri ydoxh y 5 G wr yduldeoh � 5 ]= Zh xvh D @ i+� � > y � ,> � � � > +� W > y W ,j wr ghqrwh d
vlpxowdqhrxv dvvljqphqw lq zklfk wkh vhw ri yduldeohv � � > � � � > � W lv dvvljqhg wkh ydoxhv y � > � � � > y W / uhvshfwlyho|1 Jlyhq
d FVS/ wkh wdvn lv wr �qg d vlpxowdqhrxv dvvljqphqw zklfk vdwlv�hv doo wkh frqvwudlqwv lq F1 D FVS lv fdoohg d elqdu|
FVS li hdfk ri lwv frqvwudlqwv lqyroyhv wzr yduldeohv1 Lw kdv ehhq suryhg wkdw dq| FVS fdq eh wudqviruphg lqwr d elqdu|
FVS1 Wkhuhiruh/ lq wklv sdshu/ zh rqo| frqvlghu elqdu| FVSv1
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D1 Wkh Frvw Ixqfwlrq ri d FVS
Lq JHQHW iru wkh elqdu| FVS ^4`^5`/ d vlpxowdqhrxv dvvljqphqw D @ i+� � > y � ,> � � � > +� W > y W ,j wr wkh elqdu| FVS lv
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Reylrxvo|/ rqo| rqh hohphqw lq hdfk froxpq ri { wdnhv wkh ydoxh ri 41 Iru dq| l 5 i4> 5> � � �pj> { Y
Z @ 4 uhsuhvhqwv wkh
dvvljqphqw ri wkh ydoxh y wr wkh yduldeoh � Z = Lq wklv sdshu/ wkh l0wk froxpq ri { lv ghqrwhg e| { [ Z > l1h1/ { @ +{ [ � > � � � > { [ W ,=
Wkh vhdufk vsdfh 
 lv gh�qhg dv=
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X[
Y>] � { Y
Z @ 4 iru l @ 4> = = = > q

,
= +4,

Fohduo|/ 
 frqwdlqv doo srvvleoh vlpxowdqhrxv dvvljqphqwv wr wkh FVS1
Wkh frvw +ru _hqhuj|%, ri d vlpxowdqhrxv dvvljqphqw { 5 
 iru wkh FVS lv gh�qhg dv=

H+{, @
X[
^ ] �

X[
Y>] �

W[
Z_] �

W[
` ] � $ Y
Zba

^ ` { Y
Z { ^ ` > +5,

zkhuh $ Y
Z*a ^ ` lv d qrq0qhjdwlyh lqwhjhu frh�flhqw +fdoohg wkh frqqhfwlrq zhljkw, ehwzhhq wkh odehov +� Z > y, dqg +� ` > x,1
Iru frqyhqlhqfh/ zh dvvxph wkdw $ Y
Z*a ^ ` @ $ ^ ` a Y
Z iru dq| l> m> x> y= Lq JHQHW/ wkh ydoxhv ri doo zhljkwv $ Y
Z*a ^ ` vdwlvi| wkh
iroorzlqj frqglwlrq=

$ Y>Zba ^ `
;
?

=

@ 3 li l @ m>
@ 3 li +� Z > y, dqg +� ` > x, duh frpsdwleoh lq wkh frqvwudlqw vhw F>
A 3 rwkhuzlvh1

+6,

Wkh lqlwldo ydoxh ri $ Y
Zba ^ ` lv vhw wr 4 li dqg rqo| li +� Z > y, dqg +� ` > x, duh lqfrpsdwleoh zlwk hdfk rwkhu1 Wkhvh ydoxhv duh/
krzhyhu/ vxemhfw wr lqfuhphqwv gxulqj wkh vhdufk1 Lw lv hylghqw wkdw H+{, @ 3 li dqg rqo| li { vdwlv�hv doo wkh frqvwudlqwv1
Lq pdq| dssolfdwlrqv/ wkh sureohp pljkw eh ryhufrqvwudlqhg wr wkh h{whqw wkdw qr vlpxowdqhrxv dvvljqphqw vdwlv�hv doo
wkh frqvwudlqwv1 Lq wklv fdvh/ wkh FVS lv uhjdughg dv ehlqj htxlydohqw wr wkh iroorzlqj rswlplvdwlrq sureohp=

plqH+{,/ { 5 
= +7,
| 5 
 lv fdoohg d joredo rswlpxp ri +7, li H+|, � H+{, iru doo { 5 
= | lv fdoohg d orfdo rswlpxp li H+|, � H+{, iru dq|
{ 5 
 gl�hulqj iurp | lq rqo| rqh froxpq1
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Ehiruh lqwurgxflqj JHQHW orfdo vhdufk/ zh qhhg wr lqwurgxfh wkh iroorzlqj rshudwruv=

Gh�qlwlrq 4= ^:`^;` WkhZWD +zlqqhu0wdnh0doo, rshudwru ! lv d pds= U c $ i3>4j c lq zklfk/ iru dq| d @ +d � > d V > = = = > d X , d 5
U c / !+d, @ +e � > � � � > e X , d lv ghwhuplqhg e|

e Z @
� 4 li d Z @ plq ��eJf>e X id f j dqg d Z ? d ` iru m @ 4> � � � > l� 4>

3 rwkhuzlvh1
Lq rwkhu zrugv/ e Z @ 4 l� d Z lv wkh plqlpxp hohphqw zlwk orzhvw lqgh{ lq id � > � � � > d X j1

Gh�qlwlrq 5= Iru hdfk l 5 i4> 5> � � � > qj> wkh pryh rshudwru � Z rq wkh yduldeoh � Z zrunv dv iroorzv=
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Pryh Rshudwru= | @ � Z +{,
Lqsxw= { 5 

Rxwsxw= | 5 

Vwhs 4 Iru dq| m 5 i4> 5> � � �qjqilj> vhw | [ ` @ { [ ` 1
Vwhs 5 Vhw

f Y @
X[
^ ] �

W[
` ] � $

Y
Z*a ^ ` { ^ ` > y 5 i4> 5> � � �pj> +8,

dqg ohw f @ +f � > � � � > f X , d 1
Vwhs 6 Ohw y Z eh wkh lqwhjhu lq i4> 5> � � � >pj vxfk wkdw { Y)h.Z @ 4= Li f Y)h @ plq ��eJf'e X if f j> wkhq vhw | [ Z @ { [ Z 1 Rwkhuzlvh/
| [ Z @ !+f,=

Reylrxvo|/ { @ � Z +{, li dqg rqo| li f Y
h @ plq ��eJf'e X if f j=
Wkh JHQHW orfdo vhdufk zrunv dv iroorzv=
| @ JHQHW OV+H>{,
Lqsxw= Frvw ixqfwlrq H+=, dqg d vwduwlqj dvvljqphqw { @ +{ Z ` , 5 

Rxwsxw= dq dvvljqphqw | @ +| Z ` , 5 

Vwhs 4 | i =@ {> w =@ 3
Vwhs 5 Vhw QW @ 3>

Iru l @ 4> � � � > q gr
i

} =@ � Z +| j ,>
li } 9@ | j > vhw | j*k � =@ }/ QW =@ QW . 4 dqg w =@ w. 4>

j
Vwhs 6 Li QW @ 3> uhwxuq | =@ | j dqg vwrs1 Hovh jr wr Vwhs 51

Hylghqwo|/ | j 9@ | j*k � lq JHQHW OV1
Wkhruhp 4= Li $ Y
Z*a ^ Z @ 3 iru dq| l 5 i4> 5> � � � > qj dqg iru dq| x> y 5 i4> 5> � � � >pj/ wkhq JHQHW OV zloo whuplqdwh lq

d �qlwh qxpehu ri vwhsv dqg �qg d orfdo rswlpxp1
Surri= Frqvlghu wzr frqvhfxwlyh vroxwlrqv | j dqg | j*k � lq wkh vhtxhqfh jhqhudwhg e| JHQHW orfdo vhdufk1 Zh

�uvw suryh wkdw H+| j , A H+| j*k � ,= Qrwh wkdw | j*k � dqg | j gl�hu rqo| lq rqh froxpq 0 vd|/ wkh o j7l froxpq1 Zh ghqrwh wkh
qrq0}hur hohphqwv ri | j*k � dqg | j lq wkh o j7l froxpq e| | j*k �m
n dqg | jo n / uhvshfwlyho|/ l1h1 | j*k �m)n @ | jo n @ 4 dqg g 9@ h= Wkhq
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n a ^ ` | jY n | j^ ` �
X[
^ ] �

X[
Y>] �

W[
` ] � $ Y
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Z.] � $ Y
Zba
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� ~} �] i@q r>s t
u?vJwyx�z { |
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` ] � $

o n a ^ ` | j^ ` �
X[
^ ] �

W[
` ] � $

m)n a ^ ` | j^ ` ,=

Vlqfh S X^ ] � S W` ] � $ o n a ^ ` | j^ ` dqg S X^ ] � S W` ] � $ m)n a ^ ` | j^ ` duh f o dqg f m > uhvshfwlyho| +e| +8,,/ zh kdyh
X[
^ ] �

W[
` ] � $

o n a ^ ` | j^ ` �
X[
^ ] �

W[
` ] � $

m)n a ^ ` | j*k �^ ` A 3=

Wkxv
H+| j , A H+| j*k � ,>

zklfk phdqv wkdw wkh vhtxhqfh ri ydoxhv iH+| j ,j lv vwulfwo| ghfuhdvlqj1 Vlqfh wkh vhdufk vsdfh lv �qlwh/ JHQHW OV
pxvw wkhuhiruh whuplqdwh lq d �qlwh qxpehu ri vwhsv1
Ohw | eh wkh vroxwlrq uhwxuqhg e| JHQHW OV1 Wkhq/ iru dq| l 5 i4> 5> � � � > qj> | @ � Z +|,= Wkxv zkhq } 5 
 gl�huv

iurp | lq rqh froxpq/ zh kdyh X[
^ ] �

W[
` ] � $

o n a ^ ` } ^ ` �
X[
^ ] �

W[
` ] � $

m)n a ^ ` | ^ ` � 3>

zklfk phdqv
H+}, � H+|,=

Wkhuhiruh | lv d orfdo plqlpxp ri H+{,=
YX� D.�.C D��aja wNWB, 7jBiW�

Vxssrvh wkdw { [ lv d orfdo plqlpxp rewdlqhg iurp wkh JHQHW orfdo vhdufk surfhgxuh gh�qhg deryh1 Vxssrvh dovr
wkdw qhz frqqhfwlrq zhljkwv duh gh�qhg dv iroorzv=

a$ ^ Zba Y ` @
� $ ^ Z*a Y ` . �{ [^ Z { [Y ` li l 9@ m

$ ^ Zba Y ` rwkhuzlvh> +9,
zkhuh � lv wkh ohduqlqj udwh +d srvlwlyh lqwhjhu wkdw xvhuv qhhg wr vhw,1 Wkh dxjphqwhg ixqfwlrq lv wkhq gh�qhg dv

I +{, @
X[
^ ] �

X[
Y'] �

W[
Z.] �

W[
` ] � a$

^ Z*a Y ` { ^ Z { Y ` = +:,

Wkhq zh fdq dsso| wkh JHQHW orfdo vhdufk surfhgxuh wr I +{,/ vwduwlqj dw { [ =
{ [)[ @ JHQHW OV+I>{ [ ,= +;,

E| uhshdwlqj wkh deryh surfhgxuh/ zh zloo jhqhudwh d vhtxhqfh ri vroxwlrqv dqg krsh wr rewdlq d joredo rswlpxp1
X� �NA�ji}jAWj Nu D.�.C

Lq jhqhudo/ phwdkhxulvwlf phwkrgv/ ri zklfk JOV lv rqh/ gr qrw jxdudqwhh wr �qg joredo rswlpxp vroxwlrqv1 JOV lv
deoh wr hvfdsh iurp orfdo rswlpd e| phdqv ri shqdow| lqfuhphqwv1 Krzhyhu/ wkhuh kdv ehhq qr jxdudqwhh xqwlo qrz wkdw/
diwhu hvfdslqj iurp rqh orfdo rswlpxp/ wkh phwkrg zloo �qg d ehwwhu rqh1 Wkh iroorzlqj wkhruhp vkrzv wkdw JHQHW
fdq �qg ehwwhu orfdo plqlpd xqghu fhuwdlq frqglwlrqv1
Wkhruhp 5= Vxssrvh i| i > | � > � � � > | d j lv wkh vhtxhqfh jhqhudwhg e| wkh JHQHW OV ghvfulehg lq wkh deryh vhfwlrq/

l1h1/ { [)[ @ | d lq +;,1 Li W A �q+q� 4,@5/ wkhq H+{ [)[ , ? H+{ [ ,=
Surri= Iurp +5,/ +:, dqg +9,/ zh fdq vkrz wkdw

mH+{,� I +{,m @
������
�[

Z?p] `
X[
^ ] �

X[
Y>] � {

[^ Z { [Y ` { ^ Z { Y `
������
� q+q� 4,

5 � +<,

iru dq| { 5 
=
Vlqfh $ ^ Zba Y ` dqg a$ ^ Z*a Y ` duh lqwhjhuv/ zh kdyh

I +| Z ,� I +| Z k � , � 4
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Wkh wkhruhp deryh lpsolhv wkdw/ diwhu wkh shqdowlhv duh lqfuhdvhg/ JOV zloo eh deoh wr �qg d ehwwhu orfdo rswlpxp
li wkh qxpehu ri JHQHW orfdo vhdufk vwhsv h{fhhgv �q+q � 4,@51 Zkhq wklv frqglwlrq lv vdwlv�hg dw doo orfdo rswlpd/
wkh prgl�hg JHQHW dojrulwkp zloo eh deoh wr frqyhujh wr wkh joredo rswlpxp1 Iru reylrxv uhdvrqv/ wklv frqglwlrq zloo
qhyhu eh vdwlv�hg dw wkh joredo rswlpxp1
Wkh lpsdfw ri wklv uhvxow lv |hw wr eh h{soruhg1 Lq sudfwlfh/ wkh ydoxh ri W lv qrw xqghu rxu frqwuro1 Krzhyhu/

lw lv phdvxudeoh> dv d pdwwhu ri idfw/ lw lv prqlwruhg lq ^48`/ dprqj rwkhu shuirupdqfh lqglfdwruv1 Lw vkrxog dovr eh
qrwhg wkdw wkh frqglwlrq W A �q+q � 4,@5 lv ghulyhg iurp wkh czruvw fdvh*/ l1h1 wkdw lq zklfk wkh gl�huhqfh ehwzhhq
I +| Z , dqg I +| Z k � , dvvxphv lwv orzhvw srvvleoh ydoxh ri xqlw| dw hyhu| vwdjh1 Dq| gl�huhqfhv juhdwhu wkdq xqlw| zloo
fdxvh d fruuhvsrqglqj uhod{dwlrq lq wkh plqlpxp ydoxh uhtxluhg iru W 1 Ixuwkhupruh/ wkh ohduqlqj udwh sdudphwhu �
lv xqghu rxu ixoo frqwuro1 Lw lv sodxvleoh wkdw � frxog eh vhw/ ru dgmxvwhg g|qdplfdoo|/ zlwk wkh dlp ri vdwlvi|lqj wkh
frqglwlrq W A �q+q� 4,@51

XY� �NAW,�t�NA
Wklv sdshu suhvhqwv d pdwkhpdwlfdo irupxodwlrq ri JHQHW orfdo vhdufk iru elqdu| frqvwudlqw vdwlvidfwlrq sureohpv1

Wklv hqdeohv xv wr vwxg| wkh frqyhujhqfh ri JHQHW dqg JOV1 Zh kdyh suryhg wkdw wkh orfdo vhdufk lq JHQHW fdq
�qg d orfdo rswlpxp ri wkh remhfwlyh ixqfwlrq1 Zh kdyh voljkwo| prgl�hg wkh JOV lq JHQHW wr doorz xv wr vwxg| lwv
surshuwlhv pdwkhpdwlfdoo|1 Zh kdyh suryhg wkdw wklv prgl�hg yhuvlrq ri JOV fdq pryh wr d cehwwhu* orfdo rswlpxp li
wkh qxpehu ri vwhsv lq wkh JOV skdvh lv vx�flhqwo| odujh1
Wkh irupxodwlrq dqg voljkw prgl�fdwlrq ri JOV dqg wkh frqyhujhqfh dqdo|vlv surylghg lq wklv sdshu sdyh wkh zd|

iru d ixuwkhu vwxg| ri wkh phfkdqlvp dqg udqjh ri dssolfdwlrq ri JOV1 Wkh qxpehu ri pryhv ehwzhhq orfdo rswlpd +l1h1
wkh ydoxhv ri W , pd| eh dq lqglfdwru ri wkh kdugqhvv ri wkh sureohp iru wkh prgl�hg JOV1 Wkh frqglwlrq deryh zloo
srwhqwldoo| hqdeoh xv wr lghqwli| sureohpv wkdw fdq eh vroyhg wr rswlpdolw| e| JOV1 Lw pd| dovr khos xv wr wxqh/ ru
g|qdplfdoo| dgmxvw/ wkh ohduqlqj udwh sdudphwhu �/ wkh rqo| pdmru sdudphwhu wr eh wxqhg lq wkh prgl�hg JOV1 Wkh
deryh uhvxow pd| dovr khos xv wr jxlgh wkh vhdufk1 Iru h{dpsoh/ orrnlqj dkhdg zloo srwhqwldoo| khos xv wr slfn qhljkerxuv
wkdw ohdg wr d odujhu ydoxh ri W / wkxv lqfuhdvlqj rxu fkdqfhv ri lpsurylqj rq wkh suhylrxv orfdo rswlpxp1 Ehvlghv/ zkhq
wkh deryh frqglwlrq lv vdwlv�hg/ { [ fdq eh vhhq dv lq wkh vdph edvlq ri dwwudfwlrq dv { [)[ 1 Wkh pruh orfdo rswlpd wkdw
vdwlvi| wklv frqglwlrq/ wkh odujhu wkh edvlqv ri dwwudfwlrq zloo eh1 Zh zrxog olnh wr vwxg| wkh odqgvfdsh ri JOV lq fhuwdlq
sureohpv ^66`1 Wkhvh duh vrph ri wkh lvvxhv wkdw zh zrxog olnh wr h{dplqh ixuwkhu1
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